We show that a short relativistic electron beam propagating in a plasma with a density gradient perpendicular to the direction of motion generates a wakefield in which a witness bunch experiences a transverse force. A density gradient oscillating along the beam path would create a periodically varying force-an undulator, with an estimated strength of the equivalent magnetic field more than ten Tesla. This opens an avenue for creation of a high-strength, short-period undulators, which eventually may lead to all-plasma, free electron lasers where a plasma wakefield acceleration is naturally combined with a plasma undulator in a unifying, compact setup.
Introduction.-Over the last decade, particle beamdriven plasma wakefield acceleration (PWFA) and laserdriven wakefield acceleration (LWFA) have demonstrated record accelerating gradients and high efficiency in a series of experiments [1] [2] [3] [4] . In the long run, they are considered as foundational acceleration techniques for a future multi-TeV scale lepton collider for high-energy physics. On a shorter time scale, there is an intensive effort to employ plasma-assisted acceleration in medical imaging applications, Thomson gamma-ray sources, as well as compact x-ray free electron lasers (FELs) [5] . Radiation sources based on a combination of LWFA and magnetic undulators have been demonstrated for visible light [6] and soft x-ray [7] emission.
It seems very natural to try to combine a plasma-based acceleration with a short-period undulator field generated inside plasma, in which a relativistic electron bunch would radiate x-rays, making it into a compact, highbrightness, ultrashort x-ray source. Several such concepts have been suggested in the past [8] [9] [10] [11] . They rely on a laser pulse that either excites a plasma oscillation with a transverse to the direction of beam motion component of the field [8] [9] [10] , or generates the necessary field interacting with periodically positioned nanowires downstream of the acceleration region [11] .
In this paper, a different approach to the problem of plasma undulator is proposed. We show that an undulator field can be generated in the plasma wake by simply introducing a transverse density gradient into the plasma channel. In our approach, the undulator strength and the period are controlled by the magnitude and the periodicity of the density gradient that oscillates along the path of the beam. Note that the longitudinal plasma gradients for control of the beam injection in LWFA has been discussed earlier in the literature [12] [13] [14] [15] .
Our analysis is carried out for the PWFA case when the driver is an electron bunch. It can easily be extended for the laser driver by replacing the electromagnetic force from the electron bunch by the ponderomotive force of the laser field [16] .
It is well known that plasma is capable to sustain ultrahigh electric fields. The breakdown electric field for the plasma with density n 0 is estimated as E b ∼ ek p /r e , where k p = ω p /c = √ 4πn 0 r e is the inverse plasma skin depth and r e = e 2 /mc 2 is the classical electron radius (we use the Gaussian system of units in this paper). When E b varies on the time scale ∼ ω −1 p and the spatial scale ∼ k −1 p , it generates the magnetic field B ∼ E b . For n 0 = 10 17 cm −3 this estimate gives E b ∼ 30 GV/m and B ∼ 100 T. We expect that in an optimized plasma undulator a considerable fraction of this magnetic field can be used. A solenoidal magnetic field of even much higher strength was demonstrated in computer simulation in the interaction of a screw-shaped laser pulse with under-dense plasma [17] . Derivation of the equations for plasma flow.-We first consider a plasma that has a transverse density gradient in x-direction independent of z and y as shown in Fig. 1 . The plasma density in the y − z-plane is constant and is denoted by n 0 ; the plasma frequency is ω p = ck p . Following the standard convention, we normalize time to ω −1 p , length to c/ω p , and velocities to the speed of light c. We also normalize fields to mcω p /e, the plasma and beam density to n 0 , and the current density to en 0 c. Here e > 0 is the elementary charge.
An ultra-relativistic electron driver bunch is moving with v = c along the z-axis. The electron beam distribution is assumed axisymmetric,
where ξ = t − z, r = x 2 + y 2 , and the functions f (r) and g(ξ) are normalized by unity, 2π g(ξ)dξ = 1. To make the problem tractable analytically, we will make two important approximations. First, we will assume that the beam density n b0 is small enough that one can treat plasma perturbations and the fields in the plasma in linear approximation, neglecting terms of the second and higher order. We will formulate the second approximation after Eq. (11), when we derive the governing system of equations for a non-uniform plasma.
We consider a steady state in which all fields and perturbations depend on z and t through the combination ξ = t − z. From the expressions for the fields in terms of the scalar potential φ and vector potential A, E = −∇φ − ∂ ξ A, B = ∇ × A, it is easy to derive the following relations,
where
,ẑ is the unit vector in the z-direction, and the subscript ⊥ refers to the vector components perpendicular to the z axis. Throughout this paper we use the notation ∂ a to denote differentiation with respect to variable a.
Note that a relativistic electron moving with v = c along the z-axis in the wake of the driver beam experiences the transverse Lorentz force F ⊥ = −E ⊥ −ẑ × B ⊥ which according to the first equation in (2) is equal to ∇ ⊥ ψ. Our goal will be to calculate the transverse gradient of the ψ function at r = 0 which gives the transverse force on the z axis.
In our analysis, the plasma is treated as a cold fluid with ions as immobile, positively charged neutralizing background. The equation of motion for the plasma electrons in linear approximation is
Using the expression for E z in Eq. (2) and taking into account that both v z and E z are equal to zero in front of the bunch, we conclude that
Denoting the equilibrium plasma density by n p (x) and the density perturbation by n 1 , we have n = n p + n 1 , with |n 1 | 1. With this notation, the equation for the divergence of the electric field reads
The beam density n b is treated together with n 1 as a firstorder quantity. The density perturbation n 1 satisfies the linearized continuity equation,
Differentiating this equation with respect to ξ, substituting into it Eqs. (3), and using Eq. (5) gives an equation that describes an excitation of the plasma oscillations in a nonuniform plasma by the beam,
We now derive equations for ψ and B ⊥ . Substituting Eq. (2) into Eq. (5) we obtain
Using then the Maxwell equation ∇ × B = ∂ ξ E + j with the current density
we eliminate the magnetic field from Eq. (8) and arrive at ∆ ⊥ ψ = n 1 − n p v z which, with account of relation (4), can be written as
Here ∆ ⊥ is the transverse part of the Laplacian operator.
To obtain an equation for B ⊥ we take the curl of both sides of the Maxwell equations ∇ × B = ∂ ξ E + j which gives ∆ ⊥ B = −∇ × j. Taking the transverse part of this equation yields
Eqs. (7), (10) and (11), with relations (2) and (3) and the connection between the current density and the velocity (9) constitute a full set of equations for the three unknowns n 1 , ψ, and B ⊥ . Solving equations in perturbation theory.-For practical purposes, the equilibrium dimensionless plasma density is approximated by the linear profile,
where α is the dimensionless density gradient. We will now formulate our second approximation: the parameter α is treated as small, and we will solve our equations using perturbation theory that neglects terms of the second and higher order in α. In physical units, our assumption means that the plasma density changes in x direction on the scale much larger than k −1
p . In the zeroth-order approximation in α corresponding to setting α = 0, we have n p = 1 which means a uniform plasma. This is the problem formulated and solved in the original pioneering papers on PWFA [18, 19] . Here we will reproduce the main elements of their solution needed for our next approximation. As is clear from the axisymmetry of the problem, in this approximation, there is no transverse force acting on a relativistic particle on the axis of the system. The magnetic field has the only component B θ that together with n 1 and ψ depend on r and ξ. We will use the superscript (0) to mark the variables in this order. The equations that define these three quantities are:
For the beam distribution function (1), their solution is given by the following equations,
where the functions G, F 1 and F 2 are defined by the relations
r dr I 0 (r )f (r ),
r dr I 1 (r )f (r ),
where I 0 , I 1 , K 0 and K 1 are the modified Bessel functions of the first and second type of order zero and one, respectively. In the next, linear approximation in α, we represent the density perturbation n 1 and ψ as a sum of the zeroorder terms found above and corrections δn 1 and δψ due to the nonuniformity of the plasma density:
Substituting these relations into Eqs. (7) and (10) and using Eq. (12) for n p we obtain
and
where we have used the relation E
that follows from Eq. (2) in the zeroth order. An inspection shows that in the cylindrical coordinate system r, θ, z both δn 1 and δψ have an angular dependence ∝ cos θ and can be written as
The functions u and w are found from Eqs. (17) and (18); as pointed out above, we are interested in the on-axis force F ⊥ = ∇ ⊥ δψ| r=0 which is directed alongx and is equal toxw (r)| r=0 . Here the prime denotes differentiation with respect to the argument. A straightforward calculation gives
Analysis of the solution.-Eq. (20) is our final result that proves that a transverse plasma gradient supports a perpendicular to the trajectory force in the wake of a driver bunch. The longitudinal dependence of the force is determined by functions G(ξ) and H(ξ) that, through Eqs. (15) and (22) , are related to the longitudinal bunch distribution g(ξ). The radial beam distribution f (r) also plays a role defining, together with functions F 1 (r) and F 2 (r), the integrals in (21) .
For a numerical example, we will assume that the beam has a Gaussian distribution function,
with the rms bunch length σ z = 1 and the rms transverse size σ r = 1 (σ r = σ z = k −1 p in dimensional units). With this distribution function, K(ξ) can be easily computed numerically; plot of K(ξ) is shown in Fig. 1 function oscillates around zero with the oscillation amplitude linearly growing with ξ (these oscillations are due to the first term in the square brackets of Eq. (21) proportional to the function H(ξ)). The physical mechanism behind this growth is the resonant excitation of the angledependent density perturbation δn 1 by the axisymmetric component of the plasma waves in the wake coupled through the density gradient (see the right-hand side of Eq. (17)). In our numerical estimate we, however, will not rely on the growing values of K(ξ) that it attains far behind the driver beam, and take K ≈ −0.17 at the second minimum at ξ ≈ 9.1 as a representative estimate of K. Then the absolute value of the transverse force is given by
Eq. (24) shows that the transverse force is proportional to the beam density n b0 . A large beam density, however, would lead to a nonlinear plasma flow with relativistic velocities, which is outside of the range of applicability of our linear theory that assumes n b
1. This indicates that the maximum force is attained in the blowout regime [20] [21] [22] , numerical analysis of which require intensive computer simulations that are beyond the scope of this paper. To obtain a reasonable, although approximate, estimate of the force we can set n b and α in Eq. (24) to the values of the order of, but smaller than, one. Specifically, we will choose for our estimate α = 0.3 and n b0 = 3 (the latter corresponds to the maximum beam density in Eq. (23) n max b = 0.2) which give for the dimensionless force F ⊥x = 0.15. In dimensional units, this force corresponds to the effective magnetic field B = F ⊥x /e = 0.15mcω p /e 2 . Choosing the plasma density n 0 = 10 17 cm −3 (for which k −1 p = 17 µm) we find B = 15.5 T. Note that this field scales with the plasma density as ω p ∝ √ n 0 , so the field will be larger in a more dense plasma. Our calculations assumed a constant plasma density gradient. It is clear though, that our results are also valid when α slowly varies along z on the scale that is large compared to k −1 p . In this case, the plasma flow calculated above will be adiabatically adjusting to the local value of α, with the transverse force (20) becoming also a function of z. For a sinusoidally varying α(z) = α 0 sin k u z, with the period λ u = 2π/k u , we obtain an undulator with linear polarization. Such an undulator field with a period of λ u = 1 mm and the estimated above the magnetic field of 15.5 T has the undulator parameter K = eB/k u mc 2 equal to 1.45. A witness bunch moving in the wake of the driver is shown in Fig. 3 ; such a bunch would emit an undulator radiation in the forward direction with the wavelength λ r = λ u (1 + K 2 /2)/2γ 2 , where γ is the Lorentz factor of the witness beam. One of the important advantages of a short-period undulator is that it requires a smaller beam energy for the same λ r .
With a three dimensional control of the plasma gradient one can generate a helical undulator, in which the direction of the force rotates along the orbit. This is achieved by keeping the value of α constant and at the same time varying its direction, α = α 0 (x sin k u z + y cos k u z).
Discussion.-Our solution for the plasma wake with a transverse plasma gradient predicts a transverse force acting on the witness bunch. An effect of similar nature has been observed in the experiment [23, 24] , where a 28.5 GeV electron beam was reflected from the boundary of a plasma channel. In our interpretation of this experiment, such a boundary can be considered as an extreme case of the density gradient, in which the plasma radial profile can be approximated by a step function. Unfortunately, the perturbation theory developed in the paper cannot be directly applied to this experiment, because the gradient is extremely large.
The longitudinal profile of the field in the plasma undulator varies with ξ, as shown in Fig. 2 . This means that, depending on the position of the witness bunch and its length, particles in the head and the tail will experience somewhat different undulator fields-a property that tradition magnetic undulators do not have. This property can be used to compensate for the energy variation in the witness bunch in longitudinal direction (an energy chirp) which typically appears in plasma acceleration.
The obtained above value for magnetic field of 15.5 T in a plasma with density 10 17 cm −3 is likely to be an underestimate. The present theory, while allowing to analytically calculate the transverse force, cannot be used to maximize it. As mentioned above, such an optimization requires numerical simulations in the blowout regime, where the beam density is comparable to, or exceeds, the plasma density. Judging from the results of Ref. [17] , where 10 5 T fields were observed in simulations, although at much higher plasma density, we expect that in our problem, in an optimized regime, at least tens of Tesla magnetic fields can be achieved. Realization of short-period plasma undulators with such fields would open up an exciting prospects for all-plasma free electron lasers.
